We theoretically investigate normal-state properties of a gas mixture of single-component bosons and fermions with a hetero-nuclear Feshbach resonance. Including strong heteropairing fluctuations associated with the Feshbach resonance, we calculate single-particle density of states, as well as the spectral weight at various interaction strengths. For this purpose, we employ an improved T -matrix approximation (TMA), where the bare Bose Green's function in the non-selfconsistent TMA self-energy is modified so as to satisfy the HugenholtzPines relation at the Bose-Einstein condensation (BEC) temperature T BEC . In the unitary regime at T BEC , we show that hetero-pairing fluctuations couple Fermi atomic excitations with Fermi molecular excitations, as well as with Bose atomic excitations. Although a similar coupling phenomenon by pairing fluctuations is known to give a pseudo-gapped density of states in the unitary regime of a two-component Fermi gas, such a dip structure is found to not appear even in the unitary limit of a Bose-Fermi mixture. It only appears in the strongcoupling regime. Instead, a spectral peak along the molecular dispersion appears in the spectral weight. We also clarify how this coupling phenomenon is seen in the Bose channel. Since a hetero-nuclear Feshbach resonance, as well as the formation of Bose-Fermi molecules, have been realized, our results would be useful for the study of strong-coupling properties of this unique quantum gas.
Introduction
In cold atom physics, a gas mixture of single-component bosons and fermions [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] has attracted much attention as a counterpart of two-component Fermi gas. [11] [12] [13] [14] [15] [16] [17] In both the cases, one can tune the strength of a pairing interaction between different species by using a Feshbach resonance. 18, 19) In the Fermi-Fermi case, this unique technique has exten-sively been used to study BCS (Bardeen-Cooper-Schrieffer)-BEC (Bose-Einstein condensation) crossover physics, [11] [12] [13] [14] where the character of Fermi superfluid continuously changes from the weak-coupling BCS-type to BEC of tightly bound molecules, with increasing the interaction strength. [20] [21] [22] [23] [24] [25] [26] [27] [28] In the intermediate coupling regime (BCS-BEC crossover region), strong pairing fluctuations are expected to cause the so-called pseudogap phenomenon. [29] [30] [31] [32] [33] [34] [35] Although this expectation has not completely been confirmed experimentally yet, the recent photoemission-type experiments on 40 K Fermi gases have observed a back-bending behavior of single-particle excitations, [36] [37] [38] being consistent with the pseudogap scenario. [29] [30] [31] [32] [33] [34] [35] Since the pseudogap in this case originates from the formation of (fluctuating) preformed Cooper pairs, it is interesting to explore a similar phenomenon caused by hetero-pairing fluctuations in a Bose-Fermi mixture. In addition, while preformed Cooper pairs (or pairing fluctuations) in a two-component Fermi gas are bosonic, hetero-pairing fluctuations in a Bose-Fermi mixture are fermionic, in the sense that they eventually change to molecular fermions in the strong-coupling limit. Thus, it is also an interesting problem how this quantum-statistical difference is reflected in strong-coupling properties of a Bose-Fermi mixture.
The purpose of this paper is to theoretically investigate single-particle properties of a Bose-Fermi mixture with a hetero-nuclear Feshbach resonance. Including Bose-Fermi heteropairing fluctuations tuned by a Feshbach resonance, we calculate the single-particle density of state, as well as the single-particle spectral weight, in both the Bose and Fermi channels. We clarify strong-coupling corrections to these quantities, from the weak-coupling regime to the strong-coupling regime in the normal state above the Bose-Einstein condensation temperature
In cold Fermi gas physics, a (non self-consistent) T -matrix approximation (TMA) has frequently been used to deal with strong pairing fluctuations in the BCS-BEC crossover region. 29-31, 33, 35) The pseudogap phenomenon in this system has been predicted by using this strong-coupling theory. 29, 30) TMA has also succeeded in explaining the photoemission spectra 35, 39) observed in 40 K Fermi gases. [36] [37] [38] However, we have recently pointed out that TMA has room for improvement, 40) when it is applied to a Bose-Fermi mixture. To explain this, we first recall that the superfluid phase transition temperature T c in an ultracold Fermi gas can conveniently be determined from the Thouless criterion, 41) stating that the particle-particle scattering matrix Γ FF (q, ω) diverges in the low-energy and long wavelength limit (ω = q = 0) at T c . Because this scattering matrix Γ FF (q, ω) is involved in the TMA self-energy, 28) strong pairing fluctuations near T c , as well as their effects on single-particle excitations, are treated in a consistent manner, when TMA ordinary non self-consistent T -matrix approximation. 43) The strength of an inter-species interaction is measured in terms of the inverse s-wave scattering length a −1 BF , normalized by the Fermi wavelength k F . T F is the Fermi temperature. In panel (a), A∼E show the interaction strengths at which we examine single-particle excitations in this paper. In iTMA, T BEC vanishes, when (k F a BF ) −1 ≃ 0.56.
is applied to an ultracold Fermi gas.
On the other hand, in the case of Bose-Fermi mixture, T BEC is determined from the Hugenholtz-Pines condition, 42) stating that the dressed Bose Green's function in TMA has gapless excitations in the BEC phase. However, in the non-selfconsistent TMA, the bare Bose
Green's function is used in evaluating the TMA self-energy. As a result, because the bare Bose Green's function still has gapped excitations even at T BEC , strong-coupling effects on the TMA self-energy is underestimated. Indeed, Fig. 1 shows that, even in the strong-coupling (T BEC ) is still positive, 43) which looks as if unpaired Fermi atoms still exist, forming a large Fermi surface.
To cure this, we have recently proposed to replace the bare Bose Green's function in the TMA self-energy by a modified one which satisfies the required Hugenholtz-Pines condition. 40) This replacement naturally enhances low-energy Bose atomic excitations, leading to the remarkable decrease of the Fermi chemical potential µ F (T BEC ) around (k F a BF ) −1 = 0.5, 44) as shown in Fig. 1(b) . In this paper, we employ this improved TMA (iTMA). [47] [48] [49] Theoretically, the ordinary TMA has been used to deal with hetero-pairing fluctuations, 43, [50] [51] [52] [53] to obtain T BEC , 43, 52) as well as single-particle excitation spectra in the strong-coupling regime at T = 0. 53) On the viewpoint of chemical equilibrium among Bose atoms, Fermi atoms, and quasi-molecular fermions, Refs. 54, 55) discuss the phase diagram of a Bose-Fermi mixture. Besides pairing physics, the stability of a Bose-Fermi mixture has also been examined, both theoretically [56] [57] [58] and experimentally. 1) This paper is organized as follows. In Sec. 2, we explain our formulation (iTMA). 40) In Sec. 3, we show our results on the single-particle spectral weight, as well as the singleparticle density of states in the normal state above T BEC , to discuss strong-coupling properties of a Bose-Fermi mixture. Relation to the case of a two-component Fermi gas in the BCS-BEC crossover region is also discussed. Throughout this paper, we set = k B = 1, and the system volume V is taken to be unity, for simplicity.
Formulation
We consider a Bose-Fermi mixture consisting of single-component fermions and bosons, described by the Hamiltonian, 40, 43) 
Here, c † F, p (c † B, p ) is the creation operator of a Fermi (Bose) atom, with the kinetic energy ξ
, where m F (m B ) is a Fermi (Bose) atomic mass. −U BF (< 0) is an attractive interspecies interaction, which is assumed to be tunable by adjusting the threshold energy of a hetero-nuclear Feshbach resonance. 19) In this paper, we ignore effects of a harmonic trap, for simplicity. In addition, although the value of fermion mass m F is different from that of boson mass m B in a real Bose-Fermi mixture, we also ignore this difference, to simply take m F = m B ≡ m. (For effects of the mass difference, see, for example, Ref. 52) ) Furthermore, we focus on hetero-pairing fluctuations associated with the inter-species interaction U BF , ignoring other intra-species ones. We briefly note that the latter interactions is important in considering the stability of the system. 18, [56] [57] [58] For the number of atoms, we consider the simplest balanced case, that is, the number N F of Fermi atoms equals the number N B of Bose atoms (N F = N B ≡ N).
As usual, we eliminate the ultraviolet divergence involved in the model Hamiltonian in 
where ε p = p 2 /(2m), and p c is a high-momentum cutoff. In the two-particle case (N F = N B = 1), a Fermi atom and a Bose atom form a two-body bound state with the binding
Thus, one may physically regard the region (k F a BF ) −1 > 0 (< 0) as the strong-coupling (weak-coupling) side, although there is actually no clear "phase boundary" at the unitarity (k F a BF )
Strong-coupling corrections to single-particle excitations can conveniently be described by the self-energies Σ s=B,F (p, iω s n ) in the single-particle Bose (s = B) and Fermi (s = F) thermal Green's functions, 59 )
Here, ω F n and ω B n represent the fermion and boson Matsubara frequencies, respectively. As mentioned previously, this paper employs the improved T -matrix approximation (iTMA) developed in Ref., 40) to evaluate Σ s=B,F (p, iω s n ). To explain this approach, we first briefly review the ordinary non self-consistent TMA, where the self-energies are diagrammatically given as 
In Eqs. (4) and (5), hetero-pairing fluctuations are described by the TMA boson-fermion scattering matrix,
where
is the lowest-order hetero-pair correlation function. In the second line in Eq. (6), the ultraviolet divergence coming from the momentum summation in Eq. (7) has been absorbed into the scattering length a BF . The fact that the fermion Matsubara frequency appears in Γ BF (q, iω Fig. 1(a) . These data are used in evaluating the single-particle spectral weight A s=B,F ( p, ω), as well as the single-particle density of states ρ s=B,F (ω) in Sec. 3.
A crucial point in the ordinary TMA is that the bare Bose and Fermi Green's functions,
are used in in Eqs. (4), (5), and (7). As a result, when one determines T BEC from the Hugenholtz-Pines condition, 42) µ B = Σ B (q = 0, iω In the improved TMA (iTMA), 40) the bare Bose Green's function G 0 B in the TMA selfenergies is replaced byG
so as to recover the required gapless Bose excitations at T BEC . In iTMA, one can carry out the Matsubara-frequency summation in the pair-correlation function in Eq. (7), giving
and n B (ω) are the Fermi and the Bose distribution function, respectively.
In both TMA and iTMA, one solves Eq. (9), together with the number equations,
to self-consistently determine T BEC , µ B (T BEC ), and µ F (T BEC ). Thus, the different results between these two strong-coupling theories shown in Fig. 1 purely come from the recovery of the Hugenholtz-Pines condition in the Bose Green's function in the iTMA self-energies.
Of course, one can further improve iTMA by replacing all the Green's functions in the selfenergies by the dressed ones, which remains as our future problem.
Above T BEC , we only deal with the number equations (12) and (13), to obtain µ B (T ) and µ F (T ) shown in Fig. 3 . Using these data, we calculate the single-particle spectral weight A s=B,F (p, ω), as well as the single-particle density of states ρ s=B,F (ω), from the analytic continued Green's function as, respectively,
where ω + = ω + iδ, with δ being an infinitesimally small positive number.
3. Single-particle properties of a Bose-Fermi mixture Bose-Fermi mixture at the unitarity ((k F a BF ) −1 = 0).
In Fig. 4(a) , a shallow dip structure is seen around ω = 0 when (k F a BF ) −1 = 0.5 (> 0).
In this regard, we note that, deep inside the strong-coupling regime ((k F a BF ) −1 ≫ 1), the system is reduced to an ideal Fermi gas of N (= N F = N B ) two-body bound molecules with the binding energy E bind = −1/(ma 2 BF ). Since these fermions form a Fermi surface with the Fermi energy E F = ε F /2 (where ε F is the Fermi energy of N Fermi atoms), the dissociation energy ω = |E bind | − E F (> 0) is necessary to produce a Fermi and a Bose atom. Thus, the shallow dip structure seen in Fig. 4(a) when (k F a BF ) −1 = 0.5 is considered to reflect that a Bose-Fermi mixture gradually changes to a gas of Fermi molecules in the strong-coupling in panels (a1)-(a4). The interaction strengths used in this figure equal those at A∼D in Fig. 1(a) . In panels (a4) and (b4), the dashed lines show the molecular dispersion ω = p 2 /(2M) − µ CF , where M = 2m is a molecular mass. The Fermi molecular chemical potential µ CF is determined as the peak energy of the spectrum,
The spectral intensity is normalized by the atomic Fermi energy ε F . This normalization is also used in Figs. 6 and 7. weak-coupling regime, one sees that ρ B (ω) in the region 0 < ∼ ω/ε F < ∼ 1 is gradually suppressed, as one passes through the unitarity limit ((k F a BF ) −1 = 0). This also indicates that the system approaches a molecular Fermi gas in the strong-coupling regime, where finite dissociation energy is necessary to excite a Bose atom.
In addition to this, Fig. 4 (b) also shows the negative Bose density of states ρ B (ω) < 0 in the negative energy region (ω < 0), which becomes more remarkable, as one increases the interaction strength. In particular, ρ B (ω) exhibits a negative peak around ω/ε F = −0.25, when Apart from details, this phenomenon is also seen in the fermion component, as shown in Figs.
5(b1)-(b4).
To understand background physics of the spectral structures seen in Figs.5(a4) and (b4), it is convenient to approximately treat the boson-fermion scattering matrix Γ BF (q, iω F n ) in Eq. (6) as,
Here, ξ 
Noting that (1) the Bose distribution function n B (ξ B q ) diverges at T BEC , and (2) µ F (T BEC )/ε F ≪ 1 when (k F a BF ) −1 = 0.5 (see Fig. 1(b) ), we approximately set q = 0 in the denominator of the first term in each Eqs. (17) and (18) . For the second term in each of these equations, we approximate the momentum q in the denominator to an "effective Fermi momentum"p CF F of molecular fermions, for simplicity (where |p CF F | = 2Mµ CF ). Then, the analytic-continued Bose and Fermi Green's functions in iTMA are given by, respectively, 
where we have ignored µ F (≪ ε F ), because we are considering the strong-coupling case in Fig. 5(a4) . Indeed, such a broad spectral structure is seen in the negative energy region in Fig. 5(a4) . This spectral weight, as well as the molecular contribution around p = 0 (where ξ CF p < 0), gives the negative Bose density of states with the negative peak structure seen in Fig. 4(b) when (k F a BF ) −1 = 0.5.
As in the Bose case, the last term of the denominator in the Fermi Green's function in Eq. (20) also gives a broad hole-type spectral structure in the negative energy region of the Fermi spectral weight A F (p, ω). At a glance, this spectral intensity and the spectral structure in the positive energy region coming from the ordinary Fermi particle dispersion ω = ξ F p may give a pseudogap structure in the density of states ρ F (ω) around ω = 0. However, the abovementioned Fermi molecular dispersion, which passes through ω = 0, increases ρ F (ω ∼ 0), so that ρ F (ω) actually does not exhibit such a dip structure in the unitariry limit. Because of the same reason, although a dip structure appears in ρ F (ω ∼ 0) when (k F a BF ) −1 = 0.5, it is very shallow, as shown in Fig. 4(a) . Figure 6 shows the spectral weight A s=B,F (p, ω) at "E" in Fig.1(a) . In this figure, the spectral peak along the molecular ω = ξ Fig. 1(a) ). We take
To explain the reason for the disappearance of the molecular dispersion in Fig. 6 , we recall that the BEC phase transition vanishes in the strong-coupling regime when (k F a BF ) −1 ≥ 0.56 (see Fig. 1(a) ). In addition, when (k F a BF ) −1 = 1, the Fermi chemical potential µ F , as well as the effective Bose chemical potentialμ B = µ B − Σ B (0, 0), are negative (see Fig. 3 ).
Thus, in the case of Fig. 6 ((k F a BF ) −1 = 1 and T/T F = 0.0036 ≪ 1), the coupling constant
in the limit T → 0, which immediately explains the vanishing molecular spectral peak in Fig. 6 . On the other hand, because the molecular fermions form a Fermi surface in the strongcoupling regime, the molecular chemical potential µ CF is positive in Fig. 6 . Thus, the coupling
does not vanish, leading to the non-vanishing spectral structure in the negative energy region of the spectral weight there.
In Fig. 6 , when we estimate the (pseudo)gap energy ω weight A B (p, ω) , from the peakto-peak energy at p = 0 in panel (a) and (b), respectively, their magnitudes are found to be different as
in spite of the fact that both the energy gaps are associated with the dissociation of a BoseFermi molecule.
To understand the origin of this difference, the approximate Green's functions in Eqs. (19) and (20) are also helpful. Setting λ F = λ B = 0 in Eq. (19), we obtain the two bosonic eigen-energies ω B ± at p = 0 as,
In the same manner, Eq. (20) gives the two fermionic eigen-energies ω
Using these results, one has
To estimate Eqs. (25) To clarify the character of strong-coupling effects in a Bose-Fermi mixture, it is helpful to compare our results with those in the case of a two-component Fermi gas. In the latter, the TMA self-energy Σ F (p, iω F n ) in the Fermi single-particle Green's function has the form,
Here, Γ FF (q, iω B n ) is the TMA fermion-fermion scattering matrix, describing fluctuations in the Cooper-channel (For the detailed expression, see, for example, Ref. 29) ). As in the case of Bose-Fermi mixture, for simplicity, we approximate Γ FF (q, iω B n ) to the Cooper-pair propagator,
where ξ CB q = q 2 /(2M) − µ CB is the kinetic energy of a Cooper pair with the molecular mass M = 2m and the chemical potential µ CF . The factor α FF is reduced to α FF = 8π/(m 2 a FF ) in the strong-coupling BEC limit, 26) where a FF is the s-wave scattering length for a contact-type interaction between Fermi atoms. Substituting Eq. (28) into (27), we have 
Equation ( The last term in the denominator in Eq. (30) corresponds to that in Eq. (20) . However, while the latter gives a broad spectral structure in the negative energy region of the spectral weight (see Fig. 5(a4) ), the former produces a spectral structure in the positive energy region (Color online) Single-particle spectral weight above T BEC . We take (k F a BF )
This broad spectral structure has not been frequently discussed in cold Fermi gas physics, because the spectral weight in the positive energy region is usually dominated by the strong peak intensity along the particle dispersion (ω = ξ F p ). However, it has been pointed out 60) that the particle dispersion becomes broad, when it is in the region in Eq. (31), because of the coupling phenomenon described by λ F in Eq. (30) .
Finally, we examine the spectral weight A s=B,F (p, ω) above T BEC . Figure 7 shows that the strong-coupling phenomenon at T BEC gradually disappears with increasing the temperature, to approach the expected ordinary spectral structure with a single peak along the free particle dispersion. From the viewpoint of Eqs. (19) and (20) , this behavior can be understood as the result of the fact that all the coupling constants λ s=B,F,CB become small because the chemical potentials µ F ,μ B , and µ CF , decrease with increasing the temperature. We briefly note that, although we only show the result at (k F a BF ) −1 = 0.5 in Fig. 7 , this tendency is also seen at other interaction strengths.
One sees in Fig. 7 that the spectral structure is still somehow different from the noninteracting case, even when T ∼ T F . Indeed, when we plot the spectral weight at p = 0 as a function of the energy ω, a clear double peak structure is seen even at T/T F = 1 in
, and at T/T F = 0.6 in A B (p = 0, ω), as shown in Fig. 8 . In this regard, we note that the photoemission-type experiment developed by JILA group [36] [37] [38] can observe the spectral weight multiplied by the Fermi or Bose distribution function, depending on particle statistics. Thus, these anomalous spectral structures in the negative energy region may be observable even at relatively high temperatures by using this experimental technique.
Summary
To summarize, we have discussed strong-coupling properties of a Bose-Fermi mixture with a hetero-nuclear Feshbach resonance, Including hetero-pairing fluctuations within the framework of an improved T -matrix approximation, 40) we have calculated the single-particle density of states, as well as the single-particle spectral weight, in the normal state above T BEC .
In the unitary regime at T BEC , we showed that hetero-pairing fluctuations near T BEC cause a coupling phenomenon between Fermi atomic excitations and Fermi molecular excitations.
This phenomenon is similar to the so- These strong-coupling phenomena gradually disappear with increasing the temperature above T BEC . However, we found that the spectral intensity in the negative energy region associated with the above-mentioned coupling phenomena remains up to relatively high temperatures. Thus, even when one cannot reach the BEC phase transition, the strong-coupling corrections to single-particle excitations may be observed by the photoemission-type experiment. It is an interesting future problem to clarify how hetero-pairing fluctuations affect photoemission spectra.
In this paper, we have ignored mass difference between Fermi and Bose atoms, as well as effects of a harmonic trap, for simplicity. Inclusion of these realistic situations also re-mains as our future problem. In addition, besides hetero-pairing fluctuations, a Bose-Fermi interaction −U BF also induces intra-species interactions, mediated by Bose and Fermi density fluctuations, that are known to be important in considering the stability of a Bose-Fermi mixture. [56] [57] [58] Thus, extension of the present work to include these induced interactions, as well as direct intra-species interactions, is a crucial future challenge. Since single-particle excitations are now observable in cold atom physics by using the photoemission-type technique, our results would be useful for the study of strong-coupling physics in a Bose-Fermi mixture from the viewpoint of single-particle properties of this system.
